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As a physical and sufficient compression of the full CMB data, the CMB distance priors, or shift parameters,
have been widely used and provide a convenient way to include CMB data when obtaining cosmological con-
straints. In this paper, we revisit this data vector and examine its stability under different cosmological models.
We find that the CMB distance priors are an accurate substitute for the full CMB data when probing dark energy
dynamics. This is true when the primordial power spectrum model is directly generalized from the power spec-
trum of the model used in the derivation of the distance priors from the CMB data. We discover a difference
when a non-flat model with the untilted primordial inflation power spectrum is used to measure the distance
priors. This power spectrum is a radical change from the more conventional tilted primordial power spectrum
and violates fundamental assumptions for the reliability of the CMB shift parameters. We also investigate the
performance of CMB distance priors when the sum of neutrino masses
∑
mν and the effective number of rela-
tivistic species Neff are allowed to vary. Our findings are consistent with earlier results: the neutrino parameters
can change the measurement of the sound horizon from CMB data, and thus the CMB distance priors. We find
that when the neutrino model is allowed to vary, the cold dark matter density ωc and Neff need to be included in
the set of parameters that summarize CMB data, in order to reproduce the constraints from the full CMB data.
We present an updated and expanded set of CMB distance priors which can reproduce constraints from the full
CMB data within 1σ, and are applicable to models with massive neutrinos, as well as non-standard cosmologies.
I. INTRODUCTION
The cosmic microwave background (CMB) radiation con-
tains important information about the evolution of the uni-
verse, as well as about the formation of the structures we ob-
serve today. Accurate measurements made in the past two
decades, through experiments such as WMAP [1] and Planck
[2], provide interesting constraints on the matter component in
the universe, on spatial curvature, on dark energy properties,
on neutrino masses, on inflation models, and so on. The analy-
sis is usually done by comparing the observed power spectrum
of the temperature fluctuations with predictions from a partic-
ular cosmological model. This requires the full knowledge of
the linear perturbation theory predictions of the model, either
analytical or numerical. For models like ΛCDM or minimal
extensions, this approach has been demonstrated to be quite
successful. And the combination of CMB observations with
other cosmic measurements such as type Ia supernova appar-
ent magnitudes [3], baryon acoustic oscillation peak scales
[4], and Hubble parameter data [5], can further improve the
cosmological parameter constraints and help to break degen-
eracies between cosmological parameters. However, for some
models with exotic properties, especially cases where dynam-
ical dark energy is introduced to explain the observed cur-
rent cosmic acceleration, the complete modeling of the linear
perturbation results can be non-trivial and challenging. This
problem can be more severe for models where the underlying
gravity theory is also modified [6].
One possible solution from the observational side is to ex-
press the CMB data in a more concise and model-independent
∗ zhai@ipac.caltech.edu
way. In this paper, we focus on the so-called CMB distance
priors which can represent the full CMB data in terms of only
a few data points. This method has been widely applied and
provides useful constraints on the cosmological model. The
standard CMB distance priors are composed of two CMB shift
parameters R and la. The first shift parameter R is observed to
be independent of the underlying models if they have the same
baryonic and dark matter components and primordial fluctu-
ation spectrum [7]. The second shift parameter la, proposed
in [8, 9], is nearly uncorrelated with R and therefore these two
parameters can be used as a numerically economical compres-
sion of the full CMB data. CMB distance priors can provide
constraints on some of dark energy models that are consistent
with the constraints derived using the full CMB data. They
also can provide consistent constraints on more exotic models
for both dark energy and modified gravity. We refer the reader
to Refs. [10–22] and references therein for examples.
Although the CMB distance priors or the shift parameters
have been used to produce important and informative cosmo-
logical results, we should be careful when using this com-
pressed data set and must determine how accurately it repre-
sents the full CMB data. By definition, the CMB shift param-
eters are perhaps the least model-dependent parameters that
can be extracted from the CMB data [8]. However, their deter-
mination is based on the assumption of a specific model, such
as the flat ΛCDM model or a simple extension of this model.
Therefore the CMB shift parameters are not directly measured
quantities and this can invalidate their usage in constraining
an arbitrary model. If not applied properly, the CMB shift pa-
rameters may give biased result under certain conditions. This
issue was studied in Ref. [23], where the authors compared
values of CMB shift parameters determined using various cos-
mological models and identified some parameter ranges over
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2which the values of the shift parameters were relatively stable.
Similar work was conducted in Ref. [24], where the authors
found that the CMB shift parameters are stable under minimal
modifications of the dark energy parameters, but some percent
change is found when the models are generalized to allow the
sum of neutrino masses or the primordial power spectrum to
vary. These analyses investigated the robustness of the CMB
shift parameters and clarified some sources of possible confu-
sion and bias on the cosmological parameter constraints that
may result from the introduction of such additional cosmo-
logical variables. We note that other methods for compressing
CMB data have been proposed. For instance, the authors of
Ref. [25] apply a Massively Optimized Parameter Estimation
technique to compress the full CMB data into a vector which
has the same dimension as the model parameters of interest,
which can also reduce the computational demand significantly
when incorporating CMB data in cosmological model analy-
ses.
Significant improvements in data quality and quantity have
resulted in studies of larger model parameter spaces, with a
larger number of cosmological parameters now in the mix.
It is necessary and timely to explicitly and quantitatively re-
examine the performance of CMB data compression. In this
paper, we focus on and revisit the robustness of CMB shift
parameters. In particular, we use cosmological models with
different physical parameters (dark energy dynamics parame-
ters, spatial curvature, primordial power spectrum parameters,
as well as the sum of neutrino masses and the number of rel-
ativistic species) to measure the CMB shift parameters and
study their robustness. Based on our results we also propose
a method to generalize and improve the CMB distance priors
so that the bias in the resulting cosmological parameter con-
straints are minimized.
This paper is organized as follows. In Sec. II, we describe
the basics of CMB distance priors. In Sec. III, we introduce
the cosmological models considered in our analysis. Our re-
sults are presented in Sec. IV. Section V contains our discus-
sion and conclusion.
II. CMB DISTANCE PRIORS
The spacetime model we consider in this paper is based
on a FLRW metric, under which the comoving distance to an
object at redshift z is given by
r(z) =
c
H0
|Ωk|−1/2sinn[|Ωk|1/2Γ(z)], (1)
Γ(z) =
∫ z
0
dz′
E(z′)
, E(z) = H(z)/H0, (2)
where c is the speed of light, H0 = 100h km s−1Mpc−1 with
h the dimensionless Hubble constant, H(z) is the Hubble
parameter, and sinn(x) = sin(x),x,and sinh(x) for the current
value of the spatial curvature density parameter Ωk < 0,Ωk =
0,and Ωk > 0, respectively. The CMB shift parameters are
Model Acronym parametera
Flat ΛCDM model ΛCDM Ωb, H0, Ωc
Non-flat ΛCDM model oΛCDM Ωk
Flat wCDM model wCDM w
Non-flat wCDM model owCDM w, Ωk
Flat φCDM model φCDM α
Non-flat φCDM model oφCDM α, Ωk
running scalar index with tensor mode ΛCDM+nrun+r nrun, r
log oscillation ΛCDM+LO Alog, ωlog, φlog
Neutrino model νCDM
∑
mν (eV), Neff
a For models other than flat ΛCDM, only the additional parameters are
listed. Ωc is the current value of the cold dark matter density parameter.
Other symbols are defined in the main text.
TABLE I. Models considered in the paper, including their main char-
acters, names and parameters. All models except νCDM adopt
∑
mν
= 0.06 eV and the standard neutrino content Neff = 3.046.
defined as
R≡
√
ΩmH20 r(z∗)/c, (3)
la ≡ pir(z∗)/rs(z∗), (4)
where z∗ is the redshift to the photon-decoupling surface, rs
is the sound horizon, and Ωm is the current value of the frac-
tion of non-relativistic matter in the universe. These two CMB
shift parameters together with the current value of the physi-
cal fraction of baryonic matter ωb = Ωbh2 and spectral index
of the primordial power spectrum ns can give an efficient sum-
mary of CMB data for cosmological parameters constraint
purposes. These quantities are also known as CMB distance
priors. We focus on the geometrical probe of CMB data in
this work, so we ignore ns in the following analysis and only
present results for the vector formed by (R, la,ωb). In addi-
tion, we determine the CMB distance priors in this work by
using CAMB [26] due to the complexity of the models. The
fitting formula used to calculate the CMB related parameters
such as r(z∗) and the sound horizon may have percent-level
differences from the correct values [27]. However, for the
purpose of testing the CMB distance priors, the results are not
expected to change significantly as long as the computation is
self-consistent.
III. COSMOLOGICAL MODELS
In this section, we introduce the models we use to study
how various cosmological parameters impact the usage of
CMB distance priors. These parameters include those that
govern the dark energy dynamics, spatial curvature and differ-
ent primordial power spectra, as well as the neutrino parame-
ters that can be constrained by the CMB data. We summarize
the models considered in this work in Table I.
3A. Dark energy models
The Hubble parameter H(z) is given by
H(z)2 = H20 [Ωm(1+ z)
3 +Ωr(1+ z)4 +Ωk(1+ z)2 +ΩX X(z)], (5)
with constraint Ωm +Ωr +Ωk +ΩX = 1. The function X(z) ≡
ρX (z)/ρX (0) describes the time evolution of the dark energy
density. The current value of the radiation density parame-
ter Ωr = Ωm/(1 + zeq) Ωm and can be omitted in late time
cosmology studies (here zeq is the redshift of matter-radiation
equality).
The cosmological constant corresponds to a constant ρX .
For comparison with this simple model of dark energy, we
also consider parameterizations of the dark energy equation
of state parameter w(z)
ρX (z)
ρX (0)
= exp
(
3
∫ z
0
1+w(z′)
1+ z′
dz′
)
. (6)
In particular we assume a constant w(z) which corresponds to
the wCDM or XCDM model [28, 29]. This is not a physically
consistent dynamical dark energy model.
We also consider a scalar field dark energy model which
is the simplest physically consistent dynamical dark energy
model [30–32]. In this model, the dynamical properties of
dark energy are determined by the potential energy density of
the scalar field:
V (φ) = V0φ−α, (7)
where V0 is the amplitude of the potential and α is a constant
parameter to be determined by observations. The evolution
of the scalar field is obtained by solving the Klein-Gordon
equation
φ′′ +
(
3+
H˙
H2
)
φ′−Vˆ0αφ−α−1
(
H0
H
)2
= 0, (8)
where φ′ ≡ dφ/d lna, H = a˙/a, Vˆ0 ≡ V0/H20 , and an overdot
denotes the time derivative d/dt. The expansion of the uni-
verse in this model can be computed from(
H
H0
)2
= (9)
1
1− 16 (φ′)2
[
Ωm(1+ z)3+Ωr(1+ z)4 +Ωk(1+ z)2 +
1
3
Vˆ0φ−α
]
,
where we have chosen units such that the Newtonian gravita-
tional constant G = 1/(8pi).
B. Primordial power spectrum and spatial curvature
In a spatially flat universe, non-slow-roll (tilted) inflation
generates a primordial scalar energy density inhomogeneity
power spectrum [33–35]
P0(k) = As
(
k
k0
)ns
, (10)
where k is the wave number, As is the amplitude at a pivot
scale k0 = 0.05 Mpc−1, and ns is the power spectral index.
On the other hand, in a non-flat universe, the spatial cur-
vature introduces an additional length scale and likely invali-
dates the above tilted primordial power spectrum. In the slow-
roll (untilted) non-flat inflation model, the primordial power
spectrum [36, 37] is
P(q)∝ (q
2 −4K)2
q(q2 −K)
(11)
where the wave number q =
√
k2 +K and K = −(H20/c2)Ωk is
the spatial curvature. This power spectrum can be normalized
at the pivot scale k0 with the amplitude As in a similar manner
as in the spatially flat case. Note that this model is not a simple
generalization of the flat case. When Ωk = 0, it is equivalent to
ns = 1 in the flat universe. Therefore these two models are not
“nested": one model is not a special class of the other. CMB
data [38–45] and other cosmological observations [46–58] are
not inconsistent with a mildly closed cosmological model.
In addition, we also consider some extended models based
on the tilted model power spectrum of Eq. (10). The first
model has a running scalar spectral index
P(k) = As
(
k
k0
)ns+ 12 nrun ln(k/k0)
, (12)
where nrun = dns/dlnk. The running of the running of the
scalar spectral index is straightforward to implement in this
model. In addition, we also consider the effect of primor-
dial gravitational waves, or the tensor mode, which can be
parameterized by the tensor-to-scalar ratio r. We adopt the
same method as the Planck team [59] in this analysis, which
assumes a pivot scale at 0.002 Mpc−1. Current CMB observa-
tional data also allows examination of more radical departures
from the fiducial power-law model. As an example, we adopt
a parameterized model of a logarithmic oscillation [60–62]
Plog = P0(k)
{
1+Alog cos
[
ωlogln
(
k
k0
)
+φlog
]}
, (13)
where Alog,ωlog and φlog are model parameters. We note that
this model was also investigated by the Planck team [63].
C. Neutrino parameters
In addition to the tests with dark energy models, spatial cur-
vature and primordial power spectrum, we consider the effect
of neutrino properties which are also an important objective of
precision cosmology. The latest CMB measurements tightly
constrain the sum of neutrino masses
∑
mν < 0.54 eV [59]
when only the high ` (multipole number) temperature infor-
mation is considered. Adding information from lensing and
observational data from large scale structure through baryon
acoustic oscillation (BAO) data, the constraint is significantly
tightened to be
∑
mν < 0.13 eV at 95% confidence level in
this minimal model considered by Ref. [59]. In addition, the
neutrino mass has a direct correlation with the value of H0
4[64]. Therefore accurate and unbiased measurement of neu-
trino mass is of critical importance for multiple reasons [65].
The effective number of relativistic species Neff is defined
through the total relativistic energy density well after electron-
positron annihilation [66]
ρrad =
[
1+Neff
7
8
(
4
11
)4/3]
ργ , (14)
where ρ is the energy density, and the subscript "γ" and
"rad" refers to the contribution from photons and radiation
respectively. The standard cosmological model predicts that
Neff ≈ 3.046, however deviation can be easily introduced in
exotic cosmological models, for instance through dark radi-
ation [67, 68]. This parameter has a direct impact when the
universe is radiation dominated and thus changes the sound
horizon. Similarly as for the neutrino mass, Neff is also de-
generate with H0 and a larger value can alleviate the tension
between H0 measured from Planck and from some local dis-
tance ladder observations [59, 69]. We note that a number of
other H0 measurements are more consistent with (but slightly
larger than) the Planck estimate [70–81] and that some local
expansion rate estimates are lower with larger error bars and
so less inconsistent with the Planck H0 value [82–86], but see
Ref. [87].
IV. RESULTS
A. Performance of CMB distance priors
In this analysis, we use the Planck 2015 release data [88]
for the extraction of CMB distance priors. We note that these
data are superseded by the final Planck 2018 release data [59]
and the cosmological constraints we derive here can be im-
proved, but the results we infer about the CMB distance priors
are not expected to change significantly. In particular, we use
the TT+lowP+lensing CMB data in our computations here,
but it is straightforward to use other Planck CMB data combi-
nations. We give the expanded CMB distance priors for both
Planck 2015 and Planck final data in Sec.IV B.
Figure 1 is an illustrative example of the reproduction of
the constraints determined from the full CMB data by those
derived using just the CMB distance priors. We assume a
spatially flat ΛCDM to extract the CMB distance priors from
the corresponding MCMC analysis results, and then use these
compressed data to constrain the cosmological model.
In order to investigate the stability of CMB shift parame-
ters under various conditions, we use the full CMB data to
constrain the models described in Sec. III by running a full
MCMC analysis. We then extract the CMB distance priors
based on this analysis for each model and compare the re-
sults in Fig. 2. The top panel is a comparison of the dark
energy models, and the effect of excluding or including spa-
tial curvature. Note that the primordial power spectrum for
the non-flat models is the untilted one given in Eq. (11). We
see that the CMB distance priors are independent of the model
of dark energy assumed, consistent with the findings in Ref.
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FIG. 1. 1, 2 , and 3σ constraints on the parameters of the spatially
flat ΛCDM model from the full CMB data (red dashed contours) and
from the CMB distance priors (blue solid contours).
[9]. On the other hand, they do depend significantly on the
assumed power spectrum with the flat tilted model results
differing from the non-flat untilted model ones. For the flat
tilted and non-flat untilted inflation models (with power spec-
tra given in Eqs. (10) and (11)), the spatially flat model is not
nested within the non-flat model. This causes some parameter
values in the non-flat model to deviate from those in the flat
model, which alters the CMB shift parameters. This is consis-
tent with the large difference of the χ2 minimum values in the
MCMC results of the flat and non-flat models.
The above result reveals the necessity to further investigate
the modeling of physics in the early universe. We first fo-
cus on the primordial power spectra described in Sec. III B.
With the same CMB data, we run a MCMC analysis for var-
ious models of primordial power spectrum and the extracted
CMB shift parameters are shown in the bottom panel of Fig. 2.
The first two models are the flat ΛCDM model with tilted pri-
mordial power spectrum (Eq.10) and non-flat ΛCDM model
with untilted primordial power spectrum (Eq.11) as reference,
the same as in the top panel of Fig. 2. The tests show that
CMB shift parameters are stable under direct generalization
of the tilted primordial power spectrum, including extensions
to a tilted model with non-zero spatial curvature, running of
the spectral index and including the tensor mode, and phe-
nomenological parameterizations. The variation for all the ob-
servables in the CMB distance priors are significantly lower
than 1σ. Combined with the tests on the dark energy mod-
els, we can see that for small deviation or generalization from
fiducial ΛCDM model, expressing the full CMB data in terms
of the compressed form of CMB distance priors can result in
unbiased and consistent constraints. For models with a rad-
ical difference from the ΛCDM model with a tilted primor-
dial power spectrum, the extracted CMB distance priors are
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FIG. 2. The CMB distance priors R, la and ωb extracted by assuming
different models as indicated on the x-axes, but from the same input
CMB data. The bottom panel shows the cold dark matter fraction ωc,
see Sec. IV B for a discussion of this parameter. The red dashed line
is the result determined using the spatially flat ΛCDM model with
tilted primordial power spectrum, while the green dashed line uses
the non-flat ΛCDM model with untilted primordial power spectrum.
Top panel : comparison of results from various dark energy mod-
els. Bottom panel : comparison of results from various primordial
power spectrum models; results from the non-flatΛCDM model with
tilted primordial power spectrum (used in the Planck group analysis
of non-flat models) are also shown.
systematically offset. This indicates that caution is warranted
when using CMB distance priors, instead of the full CMB data
in a data analysis, since the resulting parameter constraints
could be significantly biased, possibly by as much as a few σ.
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FIG. 3. Constraints on the νCDM model parameters derived using
the CMB distance priors, compared with those determined from the
full CMB data. The blue contours assume CMB distance priors mea-
sured using the flat ΛCDM model, while the green contours assume
distance priors extracted using the νCDM model. The big discrep-
ancy with the result derived using the full CMB data (red contours)
shows that the usual CMB distance priors are insufficient for con-
straining the νCDM model regardless of how the priors are com-
puted.
Next we investigate the effect of neutrino parameters on the
determination of the CMB distance priors. This was first ex-
plored in Ref. [23] where the authors incorporate massive neu-
trinos when extracting the CMB distance priors and find dif-
ferent values compared to those derived using the flat ΛCDM
model. This clearly shows that the usual CMB distance priors
are not sufficient to fully describe the physics when neutrino
parameters are included. In Fig. 3, we compare the constraints
on the νCDM neutrino model (flat ΛCDM with two extra pa-
rameters Neff and
∑
mν) from the usual CMB distance priors
and the full CMB data. In particular, we extract the CMB dis-
tance priors assuming a flat ΛCDM model and assuming the
νCDM model and then put constraints on the νCDM model
parameters using both sets of derived CMB distance priors.
The results clearly show that the usual CMB priors fail to re-
produce the constraints from the full CMB data, regardless of
the model used in the extraction of the CMB distance priors.
Note that assuming the correct model (νCDM) in the extrac-
tion of CMB distance priors does not improve the constraints
and the resulting constraints on the cosmological parameters
6are less constraining than those determined using the ΛCDM
model distance priors (this is due to larger uncertainty in the
νCDM model distance priors). There are several reasons for
these results. First, adding the neutrino parameters can alter
the determination of the size of the sound horizon from CMB
data [23], and the resulting CMB shift parameters. Second,
the number of free parameters in the νCDM model is larger
than the dimension of the data vector, however this may not
be a dominant factor since the various dynamical dark energy
models and primordial power spectrum models used in the
previous test had a similar number of degrees of freedom but
the constraints were much less affected. In addition, we note
that adding neutrino parameters can alter the degeneracy be-
tween the CMB shift parameters compared with the results
derived using a flat ΛCDM model, which can also cause dis-
crepancies in the final constraints.
The sum of neutrino masses and the number of relativistic
species can be explicitly modeled in the CMB computation.
This makes a model-dependent modeling of the CMB distance
prior for the νCDM model possible. We investigate this pos-
sibility by running a grid of models with different
∑
mν and
Neff values. The results show a clear pattern for the CMB shift
parameters in both the one-dimensional and two-dimensional
cases, which can be accurately modelled by a simple poly-
nomial fits of up to third order. We present these results in
Figs. 4 and 5. In these computations all the other parame-
ters are fixed at the flat ΛCDM model values and only one
or two neutrino parameters are changed each time. This sim-
ple dependence can easily improve the CMB distance priors
dependence on
∑
mν and Neff. In addition, this also enables
a neutrino model dependent modeling of the correlation be-
tween the CMB shift parameters, but the result is noisier than
the shift parameters themselves. Using this model-dependent
modeling of the CMB distance priors, we ran a MCMC anal-
ysis. However, it turns out that this method is also unable to
provide constraints on the neutrino parameters that are consis-
tent with those derived using the full CMB data, as shown in
Figure 6. This implies that more prior information needs to be
included for the neutrino model, not only this model depen-
dence.
B. Adding neutrinos
Since the sum of neutrino masses and Neff have multiple
effects on the CMB, it is impossible to find a simple param-
eter to express the whole effect. However, for the CMB shift
parameters, one of the most important factors is the correct
modeling of the sound horizon; examples can be found in the
fitting formula in Ref. [17]. Thus adding one or two neutrino-
related parameters might be useful. In order to express the
compressed CMB data in a Gaussian distributed form, to be
consistent with the elegant and traditional expression, we ex-
tract additional information for the distribution of ωc and Neff
from the MCMC analysis. These boost the CMB distance
prior set to be (R, la,ωb,ωc,Neff). The resulting data vector
and covariance matrix are
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FIG. 4. One-dimensional dependence of the CMB shift parameters
on the neutrino parameters, top : neutrino mass
∑
mν , bottom : ef-
fective number of relativistic species Neff. For each data point, we
fix all the other parameters at the flat ΛCDM model values. The red
solid lines are simple polynomial fits to the results.
v≡

R
la
ωb
ωc
Neff
 =

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 (15)
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FIG. 5. Two-dimensional dependence of the CMB shift parame-
ters on the neutrino parameters
∑
mν and Neff, top : R; bottom : la.
The dashed lines are two-dimensional polynomial fits of third order,
shown as contours. The solid lines are also contours, but measured
directly from the data.
Cv = 10−8×
45272.11 −48046.40 −691.72 −294.67 −364590.88
−48046.40 4117094.71 2729.81 61787.61 4529565.27
−691.72 2729.81 16.79 54.66 9753.96
−294.67 61787.61 54.66 1497.16 94816.70
−364590.88 4529565.27 9753.96 94816.70 9548751.16
 .
Using the above in the usual recipe for including CMB dis-
tance priors in a likelihood analysis, e.g., [8, 9, 19–21], we
update the constraints on the νCDM model and compare with
the full CMB data constraint in Fig. 7. Clearly, this new set
of CMB distance priors results in parameter constraints that
are consistent with those derived using the full CMB data.
The largest deviation is in the neutrino mass, but this is still
smaller than 1σ. This deviation is partly due to the effect of
the correlation between the neutrino mass and other parame-
ters, and partly due to the assumed Gaussian form of the data
vector, both of which can slightly shift the upper end of the
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FIG. 6. Constraint on the νCDM model with the unimproved neu-
trino model-dependent CMB distance priors. For comparison, the
result from the full Planck data is shown as the red contour.
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FIG. 7. Updated constraint on the νCDM model parameters.
The CMB distance priors are extracted using the νCDM model
to be self-consistent, and expressed in terms of five observables
(R, la,ωb,ωc,Neff) for the geometrical only aspect. The consistency
with the full CMB data constraint validates our generalization of the
CMB distance priors.
8constraint to a higher mass. This result demonstrates that the
CMB distance priors can be improved to correctly describe
and constrain cosmological models with massive neutrinos by
including constraints on the cold dark matter density ωc and
the effective number of relativistic species Neff.
We have used Planck 2015 data to arrive at our results so far,
to make use of our extensive previous work. We have shown
that the CMB distance priors need to be expanded to include
parameters ωc and Neff to be generally applicable in constrain-
ing models that allow the neutrino parameters to vary. With
the final release of Planck observations [59], we also extract
the corresponding distance priors valid for neutrino models,
which should be used in summarizing CMB data in a joint
cosmological data analysis. The resulting data vector and co-
variance matrix are
v≡

R
la
ωb
ωc
Neff
 =

1.7661
301.7293
0.02191
0.1194
2.8979
 (16)
Cv = 10−8×
33483.54 −44417.15 −515.03 −360.42 −274151.72
−44417.15 4245661.67 2319.46 63326.47 4287810.44
−515.03 2319.46 12.92 51.98 7273.04
−360.42 63326.47 51.98 1516.28 92013.95
−274151.72 4287810.44 7273.04 92013.95 7876074.60
 .
We have used the chain
base_nnu_mnu_plikHM_TT_lowl_lowE_post_lensing
from the Planck final data results in the Planck archive for
deriving the above CMB distance priors.
Since the effect on the CMB distance priors from the neu-
trino parameters alters the evolution of the early universe,
some other physical mechanisms may have similar impact due
to the degeneracy with the neutrino parameters. We inves-
tigate this by testing another extension of the ΛCDM model
which allows the helium fraction YP to vary as a free param-
eter. The distance priors of this model is extracted from the
already existed MCMC chain from Planck 2015 release. In
particular, we compare the result with the standard ΛCDM
model and νCDM model from TT+lowP data. We present
the resulting CMB distance priors in Figure 8. We can see
that the measurement of the CMB distance priors are simi-
lar and roughly consistent within 1σ compared with ΛCDM
model. However, the uncertainties are affected significantly,
as well as the covariance between observables. Therefore it
is possible that the traditional form of the CMB distance pri-
ors (R, la,ωb) may not be able to provide unbiased constraints
on cosmological models with varying helium fraction. One
possible solution might be similar to what we used for the
neutrino model, incorporating the measurement of YP as addi-
tional prior information.
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FIG. 8. The CMB distance priors R, la, ωb and ωc extracted by assum-
ing different models as indicated on the x-axes, but from the same
input CMB TT+lowP data. The red and green dashed lines indicate
the spatially flatΛCDM model with tilted primordial power spectrum
and the tilted flat ΛCDM model with varying Yp, respectively.
V. DISCUSSION AND CONCLUSION
As one of the least model-dependent quantities that can be
extracted from the CMB power spectrum, the CMB distance
priors can represent nearly all of the CMB information rel-
evant for probing dark energy. They can also lead to a bet-
ter understanding of the CMB constraints on model param-
eters, including the uncertainties and correlations with other
cosmological measurements, without computing the full lin-
ear perturbation theory CMB quantities. Their usage has been
demonstrated in many applications and it has provided valu-
able results. However, the CMB distance priors are not com-
pletely model-independent, from both their definition and the
way they are measured. Thus it is possible that some informa-
tion of the CMB data is lost in this data compression process.
The application to arbitrary models, especially models with
radical differences compared with the standard flat ΛCDM
model, may lead to non-negligible bias in the estimated pa-
rameter values.
In this work we revisit the usage of the CMB distance pri-
ors to constrain various cosmological models. With the same
input CMB data from Planck, we first extract and compare
the CMB distance priors assuming different cosmological pa-
rameters, including those that describe dark energy dynamics,
9spatial curvature, the primordial power spectrum, and neutrino
properties. Our results show that for many models that alter
the dynamics of dark energy, or generalize the simple tilted
primordial power spectrum model, the CMB distance priors
values are not significantly affected. This implies that the
CMB distance priors are a faithful substitute for the full CMB
data and can provide consistent and unbiased constraints for
these models. The biggest deviation we observe is for the
untilted primordial power spectrum due to non-zero spatial
curvature. This untilted non-flat model is not nested with the
simple tilted flat model. We also note that this model has a
significantly larger minimum χ2 value which indicates a sys-
tematic offset of all the cosmological parameters. This leads
to a change in the CMB distance priors and care must be taken
when using the CMB distance priors to analyze such models.
We further examine the CMB distance priors when neutrino
parameters are varied. Although these models are nested with
the standard ΛCDM model, the usual CMB distance priors are
not sufficient to provide constraints consistent with those from
the full CMB data. Since the effect of the sum of neutrino
masses and additional relativistic species can be computed ex-
plicitly for the CMB, we explore a possible solution by imple-
menting a model-dependent CMB distance prior. However,
it turns out that this method is not able to fix the problem.
This implies that a direct modeling of the CMB physics in
the CMB distance priors must be considered. We thus add the
constraints on the parameters ωc and Neff as new data points in
the set of CMB distance priors. With this expansion, we find
that the constraints on the νCDM model from the CMB dis-
tance priors are consistent with the results from the full CMB
data. The only deviation is in the constraint on the neutrino
mass, which is still smaller than 1σ. Therefore this result val-
idates our new modeling of the CMB distance priors, which
now can be applied to cosmological models with free neutrino
parameters.
The CMB distance priors are a simple and physical method
of compressing the CMB data. However this method is not
exclusive and other methods are also worth investigating, for
instance the method discussed in Ref. [25]. CMB data com-
pression is not only useful for dimension reduction of the data
vector and covariance matrix, but also helps in finding model-
independent observables relevant for CMB observations. This
can provide quick and accurate tests for non-standard cos-
mologies. In addition, although there is an apparent tension of
the H0 measurement from the CMB and from some local dis-
tance ladder data, it is worthwhile to note that the value from
the CMB is dependent on the underlying model assumed.
Therefore the uncertainty in this measurement may be under-
estimated. A model independent method to analyze the CMB
data is important in this regard and might provide hints of a
possible underlying physics explanation.
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